Conformal (3- change in Finsler spaces 
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Abstract. We investigate what we call a conformal (3 - change in Finsler spaces, 
namely 

y) ^ *L{x, y) = e^^-^L{x, y) + /3(a;, y) 

where a is a function of x only and (3{x, y) is a given 1- form. 

This change generalizes various types of changes: conformal changes, Randers 
changes and (3 - changes. 

Under this change, we obtain the relationships between some tensors associated with 
(M, L) and the corresponding tensors associated with (M, *L). We investigate some cr- 
invariant tensors . This investigation allows us to give an answer to the question: Are 
the properties of C-reducibility, S'3-likeness and S'4-likeness invariant under a conformal 
13 - change? 

1. Introduction and Notations 

Let (M, L) be a Finsler space, where M is an n-dimensional differentiable manifold 
equipped with a fundamental function L. Given a function cr, the change 

L(x,y) -^e'^(^)L(x,i/) 

is called a conformal change. The conformal theory of Finsler spaces has been initiated 
by M.S. Kneblman in 1929 and has been deeply investigated by many authors: P, 
0, m,... etc 

In 1941, Randers |Hj has introduced the Finsler change 

''L{x,y) — ^ ''L{x,y)+ (3{x,y) 

where is a Riemanian structur and /5 is a 1-form on M. The resulting space is a 
Finsler space. This change has been studied by several authors: [7j.[T^....etc. 

The Randers change has been generalized by Shibata ^Uj to what is called a, (3 - 
change 

y) — > y) + y) 
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where L a fundamental Finslerian function. The resulting space known as a generalized 
Randers space was studied in [T3], [Ij, [7j, [H] and jH],--- etc. 

In this paper, we construct a theory which generalizes all the above mentioned 
changes. In fact, we consider a change of the form 

L(x, y) ^ *L{x, y) = e'^^-^L{x, y) + /3(a;, y), 

where a is a function of x and j3{x,y) = bi{x)y'^ is a 1- form on M, which we call a 
conformal (3 - change. This change generalizes various type of changes. When /3 = 0, it 
reduces to a conformal change. When a = 0, it reduces to a /3- change and consequently 
to a Randers change. 

We obtain the relationships between some tensors associated with (M, L) ( the 
fundamental tensor, the h{hv) - torsion and the third curvature tensor) and the corre- 
sponding tensors associated with (M,* L) . 

Under the conformal (3 - change, we investigate some a- invariant tensors (a tensor 
K is a- invariant if *K{x,y) = e'^K{x,y)). 

This investigation leads us to find out necessary and /or sufficient conditions for 
the properties of C-reducibility, 5'3-likeness and 5'4-likeness to be invariant under a 
conformal jS - change (cf. theorems A, B, and C). 

More investigation and development of this theory will be the object of forthcoming 
papers. 

Throughout the present paper, (x*) denotes the coordinates of a point of the base 
manifold M and the supporting element (i;*). 
We use the following notations: 

li := diL = ^ : the normalized supporting element, 

hij := Ldili = Llij : the angular metric tensor, 
gij := |(9j djL^ : the fundamental tensor, 

Cijk '■= dk {gijf^) '■ the(h) hv -torsion tensor , 
Ci := g^^ Cijk '■ the torsion vector, 
_ g^'^ a : , = CiC\ 

Shijk '■= CijrChk ~ CikrCh] '■ the compoueuts of the third curvature tensor. 

2. Conformal /3-change 

We ffistly introduce the following definition 
Definition 1. A change of Finsler metric defined by 

L{x, y) *L{x, y) = e'^(-)L(x, y) + y) (1) 
where a = cr{x) is a function of x and P{x,y) = bi{x)y'^ is a 1- form, will be called a 
conformal 13 -change. 
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This change generahzes various changes studied by Randers 0, Matsumuto [7], 
Shibata.[TU5...etc. 

We assume that *L{x,y) enjoys the same properties possessed by L{x,y). 

As the Finsler space associated to L is denoted by (M, L), we denote the Finsler 
space associated to the conformal change by (M,* L) . 

Throughout the whole paper, the geometric objects associated with *L{x, y) will be 
asterisked. 

Definition 2. A geometric object K is said to be a— invariant if it is invariant, up to 
a factor e'^^^^ , under a conformal (3— change: *K = e^^^'^K. 

It follows from (1) that 

*h{x,y) = e'^(^) h{x,y) + k{x), *hj{x,y) = e'^(^) hj{x,y). (2) 

The angular metric tensor hij is given in terms of hij by 

*L 

hij = L lij = Le lij = Thij, t = e (3) 
Then we have the following 

Lemma 1. ^ is a— invariant under a conformal P— change : 

4f = e^^. (4) 

As hij = gij — lilj, equations (3) give us a relation between the fundamental 
tensors gij and *gij: 

*9ij = T{9ij - hij) + *k (5) 

The relation between the corresponding covariant components is obtained in the 
form 

Y^ = T-'g'^ + fxVP -T-\rb^ + Pb'), (6) 
where /i = (e'^Lfe^ + *Lt^ , 6^ = bib' , U = g'^bj. 

Let us introduce the vr— vector field 

m = B — —rj , m = b — yl , m = rriim . 
Lemma 2. For a conformal (3— change which is not conformal (i,e (3 ^ ), fn 0. 
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In fact , if m = 0, then mj = for all i, and consequently bj = ^/j which implies 
P — gV'(a;)/^^ fQj^ some function ^{x). 

Lemma 3. The(h) hv- torsion tensor *Cijk associated to *F is given by 

Cijk = 'T[Cijk + '^^^ijk], (7) 

where 

hijk = hijnik + hjkrrii + hkirrij. (8) 
From the tensor *Cijk, we obtain the following important tensors: 

*Ci'' j = Ci"" j + ^{hijrn' + hj''rni + h\rnj)-T'^ CijsV'V--^{2rnir^ (9) 
Z Lj Z LjT 

*Ci = Ci + ^-^^^i' (10) 

= r-^c'' - cpl^ + ^^(rm^ - mH% (11) 

V = r-Mc^ + ^A,], (12) 

*C/3 =cp + ^^^"^^ (13) 
where Aj^ = cp + ^^m^, C/3 = CiU . 
Proof. 

- Equation© is deduced from the definition of Cijk together with (0) 

- Equation (jn} is deduced by rasing the index /c in ((Zj), using (jHl) 

- Equation pOj) is obtained by contracting the subscript i and the superscript r in (jUj) 

- Equation (fTT|) follows from (fTUj) by rasing its subscript, using (0) 

- Equation p2p follows directly from (fTn|l and pijl by contracted multiplication 

- Equation (fT3|l is obtained easily from (|Tn|) and the definition of cp by contracted 

multiplication. □ 
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Lemma 4. 

(a) The relation between *Shijk one? Shijk takes the form 

f 

* Shijk = TShijk — [hikHjh + hjhHik — hhkHij — hijHhk] , (14) 

where ^ ^ 

Hij = d jTUr + -^miirij + -^hijm^. (15) 

(b) The V— Ricci tensor *Sik is written in the form 

*Sik = Sik - ^j-[Af^hik + {n - 3)Hik] (16) 

(c) The V— scaler curvature tensor is written in the form 

n — 2 

*S = r-'[S--^A,] (17) 

Proof. 

(a) From equations ((Tj) and Q we have 

1 1 

*Cijr *Ch'' k = r[cijr + i^hijrWch'' k + i^iKk^" + kh^nik + h\mk) 

- Chksfb' - — (2m/jmfc + rn^khkY] 
2*L T 
r 

= TCijr Ch'' k + [(q j hhk + Ch"" k hij) rrir 
+ {cijk rrih + Cjkh m + Ckhi ruj + Chij ruk) ] 

■J' 

+ -^^[^ij ^hk + nii nij + 2hij nih + hjh rrii 
+ hjkniinih + hihmjnik + hik rrij rrih]. 

Similarly, one can obtain *Cikr *Ch^ j (by interchange j and k). Hence the result. 

(b) follows from (a) by contracted multiplication, using (jU)). 

(c) is obtained from (b), using © again, by contracted multiplication. □ 
Remark . The tensor Hij defined by il^) has the properties: 

1. Hij is a symmetric tensor : Hij = Hji, 

2. Hij is an indicatory tensor : Hijy^ = = Hijy^, 

3. g'^Hij = Ap. 



3. Geometrical properties of the conformal /3-change 

Definition 3. A Finsler space (M, L) of dimension n > 3 is called a C-reducible 
space if the h(hv)-torsion tensor Cijk has the form 

djk = hijMk + hkjMi + hkiMj , Mi = (18) 

Define the tensor 

Kijk = [cijk - {hijMk + hkjMi + hkiMj)]/L. 

It is clear that Kij^ is a symmetric and indicatory tensor. Moreover Kij^ vanishes 
if and only if the Finsler space is C-reducible. 

Proposition 1. Under a conformal f3 -change, the tensor Kij^ is a— invariant: 

^ijk ^ J^ijk- 

Proof. Using Equation ((7j) together with the definition of Kijk,we get 

*K,jk = [*Cijk - *Mk +* *M, +* hk, *M,)] ri 

= + ^^^ifc) - +* hi, *Mi +* hk, *Mj)] 1*1 

= ^hjk + T^ihijiTT-k + hjkrrii + hkiirij.) ^{kj *Ck + hjk *Ci + hki *Cj)] /*L 

= T[cijk H -— r(^*i + hjkCi + hkiCj.)] /*L 

= e"[ Qjfc - {hijMk + hkjM, + h^M^)] /L = e^Kijk ■ □ 
Now, Proposition 1 yields 

Theorem A. Under a conformal f3-change L — > *L, the space (M, L) is C-reducible 
if and only if the space {M* L) is C-reducible. 

Consequently the C-reducibility property is invariant under this change. 

It shout be noticed that Theorem 4-1 and Corollary 4-1 of Shibata ^Hj result from 
the above Theorem as a very special case. Some results of Matsumoto [7] are also 
contained in the above Theorem. 

Definition 4. A Finsler space {M,L) of dimension n > 4 is called an Si—like 
space if the vertical curvature tensor Shijk has the form 

Shijk = hjhMik + hikMjh — hhkMij — hijMhk, (19) 
where Mij is the symmetric and indicatory tensor given by Mij = ^^[S'jj — 2(n-2) '\- 
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Define the tensor 

Vhijk = [Shijk — (hjhMik + hikMjh — hhkMij — hijMhk)]/ L, 

It is clear that rjhijk vanishes if and only if the manifold (M, L) is an S'4— like manifold. 
It is not difficult to prove the following. 

Lemma 5. The tensor *Mij is given in termes of Mij by 
In fact, the result follows from (fT^ and (fTB|) . 

Proposition 2. Under a conformal (3-change, the tensor rjhijk is a— invariant : 

"Qhijk 6 ^hijk 

Proof. Taking Lemma 4a and Lemma 5 into account, we get 

*L*rjhijk = * Shijk — {*hjh*Mik +* hik* Mjh —* hhk *Mij — * hij*Mhk) 

2*L' 



T 

T Shijk — 7^[hjkHih + hihHjk — hhkHij — hijHhk] 



- T[hjk {Mih - l^Hih) + hik {Mjh - l^Hjh) 

- hhk (M,, - ^H,j) - (Mhk - ^Hhk)] 

= r[Shijk - {hjkMih + hihMjk - hhkMij - hijMhk)] 
e'^ *L 

= T L rjhijk = — ^ — L rjhijk = e'^ *L rjhijk- 

Hence the result. □ 

Proposition (2) yields 

Theorem B. Under a conformal j3-change L — > *L, the space {M,L) is Si—like if 

and only if the space {M* L) is an S 4 — like. 

Consequently, the S4— likeness property is invariant under this change. 

The above result generalizes Theorem 4-5 (and its Corollary) of Shibata JUl • 

Definition 5. A Finsler space {M,L) of dimension n > 3 is called an S3— like 
space if the vertical curvature tensor Shijk has the form 

S 

Shijk = 7 7V7 [hikhjh — hijhhk] (20) 

(n — 1) (n — 2) 
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Define the tensor 

Chijk = [ Shijk — Tyjn — 2) ^^'■'^^^^ ~ hijhhk)] IL 

It is clear that Chijk vanishes if and only if the manifold (M, L) is an 5*3— like manifold 

Proposition 3. Under a conformal f3-change, the tensor Chijk is a— invariant if and 
only if Hij = :^Aphij . 

Proof. Using Equation together with the definition of Kijk, we get 

* S 

*L*Chijk = [*Shijk — 7 TV" 7 i*hik *hjh — * hij *hhk)] 

(ra — 1) (ra — 2) 

T 

= [TShijk — 2 ^^j^ i^ikHjh + hjhHik — hhkHij — hijHhk) 
{S — -^—j — ^-Af^){hik hjh — hij hhk)] 



{n - 1) in-2)' *L 
S 

[r{Shijk - _ 1) _ 2) ~ hijhhk))] 

T 1 

2 [{hikHjh + hjhHik — hhkHij — hijHhk) + -j- —r-^pi'^hik hjh — 2hij hhk)] 



11 i 
T L Chijk - jjj^l {Kk {Hjh - _ ^^Aphjh)) + {hjh {H^k - J^^^:^^) 



-Aphik)) + 

+ {hhk {Hij - —^——Aphij)) + hij{Hhk - —^—Aphhk))] 
[n I) [n I) 



Now the tensor Chijk o'-invariant {*Chijk = Chijk) if and only if all terms of the forms 
Hij — [J-i) ^phij vanish; that is, if and only if the condition Hij = j^Aphij holds. □ 
Consequently we get 

Theorem C. Under a conformal j3- change L — > *L, the following two assertions are 
equivalent 

1. The space {M,L) is S3— like , 

2. The space {M*L) is S^-like 

if and only if the condition Hij = -^^^A^hij holds. 

Consequently, the S3— likeness property is invariant under this change if and only 
^f^iJ = l^^phij 
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